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2. Brr& Mjlbius inversions 
Let (P, G ) be 8 locat8y finite partially ordered set, The MiiQius furrction of P is 
ths function p : P x P -+ R defined by: 
(i) ~(x, y)= 0 if xsE y; 
(ii) ~(x, x) = 1: 
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The zeta farnctiovl of P is the function 6: PX P --$ W defined by: 
(i) 6(x, )I)= 0 if x6 y; 
(ii) 6(x, y) = 1 otherwise. 
Mk recall the following results (see [#I): 
lj~e~r(em 1. Let (P, s ) be a locally finite PO-set, fi g : P --) R such that there exists 
a point a in P: f(x) = 0, g(x) = 0 if x 3 ~1. Then, if 
g(x) = c fly) 
Y== 
for every x E P, we have 
f(x) = c g(yMy, xl 
YGX 
for every x E P. 
m+rem 2. Let (P, s ) be a locally finite PO-set, f, g : P --+ R such that there exists 
a point t in P: f(x) = 0, g(x)= 0 if XS b. Then, if 
gixi= Cf(y) 
Y*x 
for every x E P, we have 
f(x) = c g(y)W, y) 
Y*x 
for every x E P. 
Let now 2 be an inf-semilattice; we define a function M: 2’ X 9 X 2 --, R as 
foUows: 
I 
i 
if anb=x, 
M(a, b; x) = 
0 otherwise. 
If 2’ is a sup-semilattice, we define a function J : 2 x .9 x 3’ -+ R asI follows: 
J(a, b; x) = 
Fqdtion I. If .Y is a locally finite in,“-semilattice, for every a, b, x E 3’ we have 
1Wa, b; ~3 = ~t.dx, y)C(y, b). 
ysa 
if 3 is a locally finite sup-semilattice, for every a, b, x E 9 we have 
.&I, b;x)= c S(b, Y)F(Y, x). 
y-0 
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I?roof. We need cnly to remark that 
I 
1 ifavb=x 
c s(b, YMY, 4 = y;vb~(~, 4 = 
Yd(t 
0 otherwise. 
In the same way we can obtain the dual result. 0 
Propadtion 2. If 2’ is a kmdly finite inf-semilattice, for euery a, b, x E $f we haoe 
CLOG Ma, b) = c WY, b; dp(y, a). 
Yea 
Dually, if .% is a locally finite sup-semilattice, for every a, b, x E .z’ we have 
5(b9 aMa, x) = c J(Y, b; xMa yb 
Yaa 
Proof. It is an easy application of Theorems 1 and 2 to lthe equalities of 
PropositIon 1. q 
3. ScJme properties of characteristic po~yrpwnials 
Let 9 be a locally finite inf-semilattice with zero element, satisfying$ the 
Jordan-.Dedekind chain condition. In the following, we shall denote such a 
semilattice with “J-D inf-semilattice”. In this case, it is possible to define a rank 
function r : A? --, !X (see [S]). For every a, b E: 9, a s 6, the characteristic polynomial 
of the interval [a, b] is defined as follows: 
P([a, b]; A) = 1 /&(a, X)hr(b)-r(x). 
asxsb 
Theorem 3. Let 3’ be a J-D inf-semilattice, For every a, b, c E 2’ with c G a A 6, we 
have: 
A r(b)-r(a”b’P([~, a A 61; A) = c I’([;-:, b]; A). 
xAa=c 
Proof. 
c P([x, b]; A) = c c p(x, y)hr(b)-r(yJ 
xAa=c xAa=c ysb 
= hrcb’~M(a, x; c) 1 p(x, y)A-“Y’ 
X ycb 
= A r(b) c 
A -r(y) 
CM%, x; c)r.c(x, yh 
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By Proposition 2, this equals 
A r(b) c A -r(y) p(c, y)J(y, a) =: Ar(b)-r(aAb) 1 p(c, y)Ar(afrb)--r(y) 
y’- ysahb 
r= hr(b)-r(a”b)P([~, a A b]; A). q 
We remark that Theorem 3 generalizes a previous result for geometric lattices 
(see [3,4]). 
Cordlsvy 1. Let Y? be a J-D inf-semilattice; let a, b, d E 9: a A b = a A d. Then, 
for every c E 3, we have 
Arid' c P([r, b]; A) = Artb) c P([z, d]; A). 
2Au=c ZAQ=C 
Ro& By Theorem 3, we have 
c P([r, b]; A) = Ar(t)-r(aAb)p([c, a A b]; A). 
fAa=c 
c P<[z, d]; A) = Ar(d)-r(and)P([c, a A d]; A); 
zna=c 
since a A b = a A d, we have immediately the assertion. U 
carollary 2. Let 9 be a J-D inf-semilattice; for every a, b E 9 we have 
c p([z, b]; A) = Ar(b)-r(anb) . 
t Aa =bAa 
proof, By Corollary 1, setting c = d (which implies a A b = d), le have 
A r(aAb) c P([z, b]; A) = Arib) 1 P([r, a A b]; A); 
zna=bna zAa=bha 
since 
{z&Z; Z=QZAt, zMFa/\b)=(a/\b), 
the right-hand side of (a) becomes 
Artb)P([c, c]; A) = Artb). [3 
CorOnary 3. Let .% be a J-D inf-semilattice and a, b E 9, a s b; then 
A r(b)--r(a) = c P(b, bl; A)- 
2-a 
(a) 
. Follows immediately from Corollary 2. 0 
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4. Lattices of triangular type 
We recall that a lattice of triangular type (T-lattice) is a locally finite lattice, 
satisfying the Jordan-Dedekind chain condition, with zero element, such that for 
every X, y E 9, x: e y, r(x) = i, r(y) = k, the number of saturated chains stretched 
between x and y depends only on i and k; we will denote this number by (i, k)!. 
We remark that this notation is justified by the fact that, if 58 is the lattice of flats 
of a finite vector space over GF(q), then .5? is a T-lattice and the number of 
saturated chains stretched between two points of rank i and k, respectively, equals 
[k - ip, the Gaussian q-factorial (see [I]). 
Of particular interest are T-lattices which are geometric (i.e. upper semimodu- 
lar, atomic and of finite length): these are known as Perfect Matroid designs 
lattices (PtiD-lattices), and have been previously studied (see, e.g., the references 
in [2] and [3]). 
Upper semimodular T-lattices can be classified by means of the following result 
due to Doubilet, Rota and Stanley ([S]). 
Tkorem 4. Let 9 be an upper semimodular T-lattice. Then, there are geometric 
lattices .2Z1, &, . . . , Sn and an upper semimodular atomic T-lattice Y,+Ir such 
that 9 is isomorphic to the lattice obtained by identifying the top of J%‘i Gth the 
bottom of cYi + 1 for 1 s i s n. 
We remark that the previous result leads us to a characterization of finil:e lower 
semimodular T-lattices, too, by considering the dual lattice. Furthermore, we have 
to recall that, in the case of modularity, the well-knowr. structure theorem by 
Birkhoff on modular geometric lattices and the obvious fact that a T-lattice must 
be connected, lead us to state the following: 
Theorem 5. If 2 is a modular finite T-lattice, then the Iattices .5?,, . . . , 2, + 1 me 
either Boolean algebras or projective geometries. 
The former considerations show that, in the finite case, every semimodular 
(upper and lower) T-lattice is isomorphic to a lattice obtained by identifying top 
and bottom of a finite number either of PMD-lattices or of duals of PMD-lattices. 
Nevertheless, there exist finite T-lattices which are not semimodular, for instance 
the lattices of faces of hypercubes of finite dimension. 
Let now 9 be a T-lattice; it is easy to see that, for every x, y E 22 with x :s y, 
r(x) = i and r(y) = k, the number of 
depends only on i, j, k and equals: 
z&i? such that xsz<y, r(z)=j (icjsk) 
(i, k)? 
t(i~ i’ k, = (i, i)! (i, k)!’ 
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Proposition 3. Let .Y be a T-Iattice and p the Miibius function of .9. We have 
F(X, y) = #AZ, t) 
for every x, y, z, t E 9 with f(x) = t(z) and r(y) = r(t). 
proaf, It is well-known (see [8]) that, for every k, y E 2, x < y, we have 
Lck y) = - CAX, y)+ CJX, y)- ’ l l 
Where C,(x, y) denotes the number of chains with Ct elements tretched between 
x and y. If t(x) = i, r(y) = j, we have 
CjJx, y) = c Hi. kl, k2)t(i, k2, k3) 9 l 9 t(i, kh+ j) 
kl.kz..*.,kl,_, 
iCk,ckzc - - ’ c/q, ,ej 
and we get immediately the assertion. q 
We remark that Proposition 3 may be seen as a consequence of the fact that, 
for a T-lattice .??, the equivalence relation - on the segments defined as Eollows: 
[x9 y J - [t, r]~ r(x) = r(z), r(y) = r(t) (x, y, z, t E 9) is order compatible. This im- 
plies that it is possible to identify the Mobius function ~(x, y) with the Mobius 
function MU, j) of the reduced incidence algebra of 9 with respect o - (see [S]). 
WC now show that, if 9 is a semimodular T-lattice, it is possible to exhibit a 
simpler computation of its Mobius function, by means of Weisner’s lemma (see 
[H* 91). 
Lemma, lf Y is a fir&e lattice arzd b E 2, b > 0, then for any a E 3’ we have 
c ~(0, x) = 0; 
nvft-r4 
Propodthm 4. Lea 9 be a lower semirazodular T-lattice; then, for every i, j E N, i B 
j, we have 
proot. L,et x, y E 2, x s y, r(x) = i, r(y) = j; we apply Weisner’s lemma to the 
finite lattice [x, y], taking b such that r(b) = i c 1 a!nd a = y. Since 2 is lower 
semimodular, we have 
b& y]; wb- y}=(y)u(:rE[x, y]; r(z)+-- 1, ;t>b}. 
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Hence 
w, i) = P(& y) = - n p(x, 2) 
ZdX. Yl 
r(z)= j-l 
z%b 
= - (t(i, j - 1, j) - t(i -k 1, j - 1, j jjM(i, i -- 1); 
iterating this argument we get the assertion. 0 
Proposition 5. Let 9 be an upper semimodular T-lattice; then, for every i,, j E IV, 
i <j, we have 
M(i,j)-(-l)j-’ fI (t(i,i+l,k)-t(i,i+l,k-1)). 
k=i+l 
Proof. It can be obtained from the second assertion of Weisner’s lemma. Ll 
We now prove the converse result of Proposition 3: 
Proposition 6. Let 3 be a locally finite Elittice with 0 element, satisfying th,e 
Jordan-Wedekind chain condition, and suc& that, for every x, y, zt t E 9, r(x) := 
r(z), r(y) = r(t), x S y, z s t, p(x, y) = p(z, t). Then, 2 is a T-lattice. 
Proof. W,l.o.g,, we can develop our arguments in 8 lower interval [O, a], with 
r(a) = n. By assumptian, we can define a matrix M E&“+,~,,_+,(R) in the fallowing 
way: 
MU k) = 
@(X. y) with XGy, r(X)=], r(y)= k,if j& 
0 otherwise. 
We will call this matrix the M6biue matrix of CO, a], This matrix is obviously upper 
triangular with all f-entries on the diagsnaL It is well-known that, for every 
X, y~9, xey, we have 
where 6(x, y) is the Mrsnecker irjnction. 
For every pair (i, k) of integers: 0s i, k S n, choose two points x~, yk E [O, a]: 
r(x,)=i, riyk)= k such that when isk,,x,6y kl If we re-write (a) for each pair 
(x1, yk), we obtain a szt of (n-t- 1) x (II =t= 1) eqrtatk)ns csf the following type: 
Since the Miibius matrix is obviously non-singular, the integers 
#{z E [O, a]; E-(Z) = j, x, S 2 S yk} 
are independent of thl: choice of Xi, yL. U 
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ploposiiti~m 7. Let 2 be a T-lattice. Then, for every a, b, c, d E 2, with r(a) = ric) 
and r(b) = r(d), we have 
P([a, b]; A) = P<[c, d]; A). 
EM&. Follows immediately by Proposition 3. c3 
Conversely, we have 
PmposiWn 8. Let %’ be a locally finite lattice with zero element, satisfying the 
Jordan-Dedekivld chain condition, such that, for every a, b, c, d E 9, with r(a) = 
r(c), r(b) = r(d), a G b, c s d, 
P([a, bl; A) = P(Cc, 4; Ah 
then, 2 is a T-lattice. 
PloOt, Let a, b E 2, a s b, r(a) = i, r(b) = j; by Corollary 3 we have 
A”-” = c P([x, b]; A)= i c p([x, b]; A); 
k=iarxsb 
rtx)=k 
by assumption, P([x, b]; A) = : P(k, j; A) (k = r(x)) depends only on k and j; hence 
by caqxwing the coefficients of the polynomials on the two sides of (c), we get a 
system of linear equations whose solution is unique, since the matrix of coeffi- 
cients is the Whitney matrix of the first kind of [a, b], which is non-singular (see 
An imm4iate consequence of Proposition 3,6,7,8 is the following: 
R~p~iti~ort 9, Let LX bc a locally finrte lattice with zero element, satisfying the 
Jordan-Dedekind chain condition ; the following are equivalent: 
(9 
Gi) 
(iii) 
for every a, b, c, d E 2 such that rt a) = r(c), r(b) = r(d), (a s b, c s d, we have 
ptla, b) = p(c, d); 
for every a, 6, c, d E .s? such that rf,a) = r(c), r(b) = r(d), a s b, c G d, we have 
P([a, bl; A) = NC, 61; A); 
-Y is a T- lattice. 
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4. Enumeration problems for T-lattices 
En the sequel, 2 will denote a T-lattice. We x-ill present some applications of 
our previous results to enumeration problems in T-lattices. We shall state the next 
results in the finite cases, without loss of generality, since, in the locally finite case, 
we can apply them to suitable intervals of A!?. 
Theorem 6, Let ,S be finite, and let a, b E 2, b s a, r(b) = i, r(a) = k. For any j E N 
such thai j Z= i, the number I(i, j, k) of y ES: y A a = b, r(y) = j, is independent of the 
choice of a and b; furthermore WC have 
1(i, j, k) = i t(i, h, k)t(k, j, r(l))M(i, h). 
h=i 
Proof. By definition we have 
W, k)= 1 Mb, y; b)= c c p(b, r)(S(z, y) 
r(y)=j r(y)=j zS:a 
= c db, 4 c Ck Y) = c dh zMr(z), i, r(l)) 
Lel dy)=j Lel 
= i t(i, h, k)M(i, h)t(h, j, r(1)). Cl 
h=i 
Theorem 7. Let 2 be finite, and let a, b E: 2, a s b, r(a) = i, r(b) a= k, FCV rlvr,;~ given 
j EN, j s k, the number U(i, j, k) of x E 9 such that x u a = b, r(x) = j is independent 
of the choice of a, b. Furthermore, we have 
U(i, j, k)= i t(i., h, k)t(O, j, h)M(h, k). 
h=i 
Proof. By definition we have 
UC, j, k) = z Jb, x; b)= 1 c P(Y, b)C(x, Y) 
r(x)= j r(x)=j y3a 
= c P(Y, b) c fk Y) = c dy, WO, j, r(y)) 
y3a r(wJ=j y 3(L 
= i t(i, h. k)M(h, k)t(@, j, h). 123 
h=i 
Theorem 8. Let 9 be finite. and let a, b, c E 2, with r(a) = i, r(b) = h, r(c) = k, 
b 6 a s c. For any girjen j EN, h s j s k, the number H(i, j, h, k) of x E 2’ such that 
r(x) = j, x A a = b, x v a = c is independent of the choice of a, b, c. Furthermore, we 
have: 
W(i, j, h, k) = i i M(h, u)M(u, k)t(u, j, v)t(h, up i)t(i, v, k). 
u-h u=i 
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Pmof. By definitions, we have 
H(i, j, II, k)== 1 A&l, x; b)J(a, x; c) 
r(x)= j 
= ‘; p(b, y) ‘; ~(a, $:;;I), j, r(z)) 
u)t(h, u, i) f M(v, k)t(i, v, k)t(u, j, v). Cl 
u=h o=i 
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